We consider the thermoelastic and viscoelastic contact problem of two rods and prove the existence of a weak solution using a penalization method and compensated compactness. Moreover, for the thermoelastic contact we show that the weak solution converges to zero exponentially as time goes to infinity, and for the viscoelastic contact we prove that the weak solution decays to zero with the same rates as the relaxation functions do. ᮊ
INTRODUCTION
In this paper we study the existence and the asymptotic behavior of weak solutions of the thermoelastic and viscoelastic contact problem of two rods.
Consider two thin rods, each of which is clamped at one end but may come into contact at their free ends. Assuming that the process is independent of all but the horizontal variable, we can describe the reference configuration of the left rod as 0 F x F l and of the right rod as l F x F Ž . 1 0 -l F l , both in nondimensional units. The ends x s 0, 1 are fixed 1 2 while the ends x s l , l are free to expand or contact. Denote g [ l y l . Let u, and¨, denote the displacement, the temperature difference of Ž . the left and right rods, respectively. Then the linear motion of the rods is described by the momentum and energy equations in linear thermoelas- The boundary conditions at x s 0, 1 are given by w x u 0, t s 0, t s 0,¨1, t s 1, t s 0, t g 0, T . 1.7
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At the free ends the stresses of both rods are zero when there is no contact and equal when there is contact. In both cases the stresses at the free ends are equal. For the mechanical contact at the free ends we consider Signorini's contact conditions: Ž . where , , ␣ , ␣ are given positive constants. 1.9 says that the heat 1 2 1 2 flux in both rods is proportional to the temperature difference of the free edges. It should be pointed out here that if we take ␣ s ␣ s 1, then the 1 2 Ž . Ž . Ž . w x boundary conditions 1.9 are the same as 2.18 ᎐ 2.19 in 3 . Therefore Ž . w x the boundary conditions 1.9 are more general than those in 3 .
In the second part of the paper we study the contact problem for the Ž case that the two rods are viscoelastic of memory type the viscoelastic . contact problem where and h are the relaxation functions characterizing two viscoelastic rods, the history of u and¨are assumed to be zero for t -0. For the above two-rod contact problems there are only few results w x concerning existence and stability. Barber and Zhang 4 used linear stability analysis and numerical simulations to examine the transient w x Ž behavior. Andrews et al. 2 proved the existence of strong solutions to Ž . Ž .. 1.1 ᎐ 1.9 in the quasistatic case by reformulating the original problem to a parabolic system containing only the two temperatures. Recently, Anw x drew et al. 3 obtained the existence of a weak solution of the dynamic Ž . Ž . problem 1.1 ᎐ 1.6 with different boundary conditions by solving a penalized problem and passing to the limit. No time-asymptotic behavior of w x solutions, however, was obtained in 2, 3 .
Our aim in this paper is to establish the asymptotic behavior and the Ž . Ž . Ž . Ž . existence of a weak solution to 1.1 ᎐ 1.9 and 1.10 ᎐ 1.14 . We will prove Ž . Ž . that for 1.1 ᎐ 1.9 the weak solution decays exponentially, and for Ž . Ž . 1.10 ᎐ 1.14 the weak solution decays with the same rates as the relaxation functions , h do. To our knowledge the present paper is the first attempt to investigate the large-time behavior of solutions for dynamic contact problems of two rods in thermoelasticity and viscoelasticity, and Ž . Ž . the existence of a weak solution of the problem 1.10 ᎐ 1.14 . We wish to mention that there is a rich mathematical literature devoted to similar problems with simpler geometry settings which involve only a single Ž w x displacement andror a single temperature see 1, 6, 9, 10, 12, 14, 20 , for w x. recent results; also see the references cited in 1᎐3 . Here our paper is concerned with a more complicated situation involving two displacements Ž . and temperatures that are coupled not only by a nonlinear system of equations but also in the boundary conditions. In order to prove the Ž . Ž . Ž . Ž . existence of a weak solution of 1.1 ᎐ 1.9 and 1.10 ᎐ 1.14 , similarly as in w x 3, 10, 13 , we first consider the variational formulation of the problems, and then solve it by studying a related penalized problem. Finally, using compensated compactness we are able to pass to the limit. To show Ž . uniform decay rates the most difficult prat of our analysis , the main difficulties arise from ill-behaved boundary terms induced by the boundary conditions and lack of necessary regularity of the weak solution as we can see for the classical initial boundary value problems in thermoelasticity Ž w x w x and viscoelasticity see the survey article 17, 18 and 15, 16 and the . references cited therein . The ill-behaved boundary terms cannot be bounded using the standard Sobolev's imbedding theorem, since they contain the same order derivatives as the energy integral terms do. To overcome such difficulties we consider the penalized problem with the Ž . mollified initial data, introduce delicate Lyapunov functionals, and apply Ž . a technique from the boundary control see Lemma 2.3 below . It should Ž . Ž . be pointed out here that for 1.10 ᎐ 1.14 , due to the memory effect, we Ž . Ž . have to employ different techniques from those used for 1.1 ᎐ 1.9 to obtain the existence and asymptotic stability. We will introduce different functionals, apply different multipliers, and exploit the dissipative effect induced by the fading memory to get the good energy integral terms for Ž . Ž . Ž Ž . Ž .. 1.10 ᎐ 1.14 cf. Lemma 3.5, 3.43 , 3.47 .
In Section 2 we prove the existence and the exponential decay for Ž . Ž . 1.1 ᎐ 1.9 and in Section 3 we study the existence, the exponential, and Ž . Ž . the polynomial decay rates for 1.10 ᎐ 1.14 .
Throughout this paper the same letter C will denote various positive constants which do not depend on t and x.
THERMOELASTIC CONTACT
As discussed in the Introduction, to prove the existence result we introduce the variational inequality which is equivalent to system Ž . Ž . 1.1 ᎐ 1.9 . We first introduce the sets
Ž . Ž . DEFINITION 2.1. We say that u, ,¨, is a weak solution of 1.1 ᎐ 1.9 when
Ž . Ž .
It is not difficult to see that any regular solution of 2.1 ᎐ 2.5 is a Ž . Ž . solution of the system 1.1 ᎐ 1.9 .
Existence of Weak Solutions
In this subsection we prove that there exists at least one solution of Ž . Ž . 2.1 ᎐ 2.5 . The main result is the following.
Then there exists a weak solution to the system 1.1 ᎐ 1.9 .
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To prove Theorem 2.1 we first consider an auxiliary penalized problem and prove a uniform a priori estimate. Then we use the div᎐curl Lemma to obtain the weak solution by a limit procedure. The proof is broken into several steps and will be given at the end of this subsection.
We start with the formulation of the penalized problem
together with the initial conditions
and the boundary conditions at x s 0, 1
Ž .
Ž . and the conditions at the possible contact point 0 -⑀ -1
Ž . Ž . get regularity of solutions of 2.6 ᎐ 2.13 . It should be pointed out that our w x auxiliary penalized problem is different from that considered in 3 .
We have the following existence result for the penalized problem Ž . Ž . 
x t x t 1 2
Moreo¨er, we ha¨e
w x for all t g 0, T , where C is a positi¨e constant independent of ⑀ and t, and
H t Ž . Ž . respect to x and recalling the boundary conditions 2.12 ᎐ 2.13 , we obtain
Multiplying 2.8 resp. 2.9 by¨resp. , following similar arguments to t Ž . those used for 2.18 , we infer
where we have used the relation f f s f f qf sf f . By virtue of
Ž . Ž . Substituting 2.21 into 2.20 , we arrive at 
where h n , p n , g n , q n are determined by the following system of ordinary
where
Ž . Ž . By the theory of systems of ordinary differential equations 2.23 ᎐ 2.28 is uniquely solvable. respectively; sum j from 1 to n; and add the resulting equations. Using Ž .
y1 2 2 Ž 2.29 and the inequality ␣␤ F ⑀ ␣ q ⑀␤ , we obtain cf. the derivation Ž . Ž .. of 2.18 ᎐ 2.20
. Note that the boundary terms on the right-hand side of 2.30 e.g., 2.30 2 Ž . can be bounded from above in the same manner as that for 2.21 .
Ž . Ž . Therefore, recalling the definition of G G t , we get from 2.30 that
Applying Gronwall's inequality to the above inequality, we conclude
Thus by virtue of 2.32 and 2.31 , we can extract a subsequence of Ž n n n n .
Ž n n n n . u , ,¨, , still denoted by u , ,¨, , such that as n ª ϱ,
x t x t 2 n n n n Ž . Ž . Recalling the definition of u , ,¨, , we integrate Eq. 2.23 over 0, t with respect to t to arrive at
Ž . H H t t 
together with 
< y y < < < Recalling the definition of D, taking into account f y h F f y h , utilizing Poincare's inequality, we arrive at To prove Theorem 2.1 we need the following lemma which gives bounds of solutions on the boundary.
we ha¨e that
It is easy to see that by 2.43 and integration by parts,
On the other hand we have by a partial integration that
Inserting the above identity into 2.44 , we obtain the lemma. Now we are able to prove Theorem 2.1.
Proof of Theorem 2.1. The idea of the proof is to pass to the limit Ž . ⑀ª0 for the penalized problem to obtain a weak solution. For the limit procedure the main difficulty is to show the convergence of the quadratic Ž Ž .. terms in 2.3 . To overcome this difficulty we apply the div-curl lemma from the compensated compactness theory and Lemma 2.3.
Then it is easy to see that 
2.47
Ž .
From curl᎐div lemma it easily follows that
and 2.6 we easily see that curl W s u y u s 0, div V s u y
Ž w x w x. plying the curl᎐div lemma see Dacorogna 
w xŽ . for x g 0, ␦ and q x s 0 for x g l y ␦, l 0 -␦ small enough to 1 1 Ž . w x Eq. 2.6 , integrating the resulting identity with respect to t over 0, T , Ž . using Cauchy᎐Schwarz's inequality and 2.16 , we get
Ž . w x Integrating 2.49 with respect to ␥ over 0, ␦ , we conclude that
2.50
H H x t 0 0 1 w x Similarly, again applying Lemma 2.3 with a s a , ␥ s 0, and q g C 0, l , 1 1 Ž . w x Ž . w x Ž . q x s 0 for x g 0, ␦ and q x s y1 for x g l y ␦ , l to Eq. 2.6 , we 1 1 then there exist positi¨e constants C and ␥ independent of t, such that
To prove the theorem first we derive the exponential decay with a rate independent of ⑀ for the solution of the penalized problem by introducing a suitable Lyapunov functional, then making use of the lower semicontinu-ity of the L 2 -norm with respect to the weak-) convergence we obtain the desired result.
Ž ⑀ ⑀ ⑀ ⑀ . Before proving Theorem 2.4, we need two lemmas. Let u , ,¨, Ž . Ž . Ž . be the solution of 2.6 ᎐ 2.13 established in Theorem 2.2. Note that 2.20 still holds. After a straightforward calculation we obtain
54 is satisfied. Substituting the above inequality into 2.20 , we arrive at
for t G 0. It is easy to see that
Multiplying the above inequality by Cr4 and adding the resulting equation Ž . into 2.56 , we have
for some constant C ) 0 independent of t and ⑀. Ž . 
Ž . 2.6 , integrating by parts, and keeping in mind that 0, t s 0, we infer
Ž . from which the inequality 2.58 follows. The proof is complete.
In the following lemma we estimate the boundary terms appearing in Lemma 2.5 using Lemma 2.3. LEMMA 2.6. There is a positi¨e constant C independent of t and ⑀ , such
Proof. Applying Lemma 2.3 with integrate by parts and use Poincare's inequality to arrive at
H t
Ž . provided ⑀ small enough. Similarly, multiplying Eq. 2.8 by¨, we get
x F¨y¨q C dx y r t¨l , t q ⑀¨l , t . with C being the same as in Lemma 2.6, we obtain for ⑀ small enough
q¨q¨dx Ž .
for some constant C independent of t and ⑀. Now define
Here N G 2C rC is an appropriately large number such that 3 1
which easily follows from the definition of E E and Poincare's inequality. Ž . Now, multiplying 2.57 by N and adding the resulting inequality into
which combined with 2.65 gives recall here u, ,¨, denotes
for ⑀ small enough, where C is a positive constant independent of t and ⑀. Thus, Theorem 2.4 follows from the above inequality and the lower 2 Ž semicontinuity of the L -norm with respect to w-) convergence cf. Ž . Ž .. 2.46 ᎐ 2.47 .
VISCOELASTIC MATERIALS
In this section we first prove the existence of a weak solution of Ž . Ž . 1.10 ᎐ 1.14 . Then we show that the weak solution decays with the same rates as the relaxation functions do.
Throughout this section let K , K and K K be the same as in the 1 2 beginning of Section 2.
3.1. Existence Ž . Ž . First we introduce the definition of a weak solution of 1.10 ᎐ 1.14 .
Ž
. Ž . Ž . DEFINITION 3.1. We say that u,¨is a weak solution of 1.10 ᎐ 1.14 when
Ž . 
The existence result in this subsection is the following.
Ž . Ž . Then there exists a weak solution of 1.10 ᎐ 1.14 The proof is similar to that of Theorem 2.1 for the thermoelastic contact problem but different techniques have been used to control the memory terms in the derivation of the a priori estimates. We will give the proof at the end of this subsection.
Ž . Ž . We start by introducing a penalized problem to the system 1.10 ᎐ 1.14 Ž . ⑀)0 small : 
Moreo¨er,
Ž . grating by parts, applying Lemma 3.2, and 3.8 , we see that
Similarly, multiplying 3.6 by¨, we obtain
Adding the above inequality into 3.12 , we arrive at d
Ž . Ž . which together with 3.4 gives 3.11 .
Ž . Ž . We differentiate 3.5 ᎐ 3.6 with respect to t, and consider u ,¨as new unknowns; then applying the Faedo᎐Galerkin method, we can obtain the existence and uniqueness by using the same arguments as in the proof of Ž the existence in Theorem 2.2 for the thermoelastic contact cf. Ž . Ž .. 2.24 ᎐ 2.43 . Therefore the details will be omitted here. Now we are in a position to prove Theorem 3.1. 
Proof of Theorem
3.14 Ž .
Ž ⑀ ⑀ . Ž .Ž . Let u ,¨be the solution of 3.5 ᎐ 3.8 obtained in Theorem 3.3. Then Ž . by 3.11 , Poincare's inequality, and Rellich's selection theorem, we cań Ž ⑀ ⑀ . Ž ⑀ ⑀ . extract a subsequence of u ,¨, still denoted by u ,¨, such that as 
is also uniformly bounded in
In the same manner we get that Ž . From the above inequality, 3.14 , and the lower semicontinuity of the L 2 -norm with respect to w-) convergence, Theorem 3.4 easily follows. The proof is complete.
Polynomial Decay
In this subsection we prove that when the kernels , h go to zero with a Ž . polynomial rate as t ª ϱ, then P P t, u,¨also decays polynomially. We start with introducing the hypotheses on and h: There are constants p ) 2, c , c ) 0, such that < < u q u dxq¨q¨dx q g q¨l , t y u l , t
